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Impact of a falling jet
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Given the complexity of the problem of the impact of a mass of liquid on a solid
structure, various simplified models have been introduced in order to obtain some
insight on particular aspects of the problem. Here the steady flow of a jet falling
from a vertical pipe, hitting a horizontal plate and flowing sideways is considered.
Depending on the elevation H of the pipe relative to the horizontal plate and the
Froude number F, the flow can either leave the pipe tangentially or detach from
the edge of the pipe. When the flow leaves tangentially, it can either be diverted
immediately by the plate or experience squeezing before being diverted. First, the
problem is reformulated using conformal mappings. The resulting problem is then
solved by a collocation Galerkin method; a particular form is assumed for the solution,
and certain coefficients in that representation are then found numerically by satisfying
Bernoulli’s equation on the free surfaces at certain discrete points. The resulting
equations are solved by Newton’s method, yielding various configurations of the
solution based on the values of F and H. The pressure exerted on the plate is computed
and discussed. For a fixed value of F, the maximum pressure along the plate goes
through a minimum as H increases from small to large values. Results are presented
for the three possible configurations: (i) tangential departure from the pipe and
no squeezing, (ii) tangential departure from the pipe followed by squeezing of the
liquid and (iii) detachment of the liquid from the pipe (with subsequent squeezing).

1. Introduction
The problem of a jet impacting on a wall is a fascinating one, with very practical

applications. Indeed the impact of a fluid on a structure often occurs as a mass
of liquid pushing the gas around it and hitting the solid structure ahead. It is a
quite challenging fluid mechanics problem as suggested by some of its features, such
as the nonlinearity of its free surface, the possible presence and importance of the
compressibility effects when gas is trapped by the fluid, the role of the possible
elasticity of its structure. A description of all phenomena which can take place when
a jet hits a structure can be found in Braeunig et al. (2009). Before making an attempt
to consider all the effects together, it is important to understand each effect separately.
Various studies involving incompressible flows have been performed by Garabedian
(1957), Birkhoff & Carter (1957), Vanden-Broeck (1984, 1986, 1991), Modi (1985)
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and Christodoulides & Dias (2009). Various aspects of compressibility have been
considered by Peregrine & Thais (1996) and Braeunig et al. (2010).

The simpler problem of a falling jet without horizontal plate has led to several
papers. The main motivation was the study of a long bubble rising through an infinite
plane vertical tube of liquid. This problem can be actually viewed – if one uses a
co-ordinate system attached to the bubble – as a liquid falling around a bubble,
instead of the bubble rising in the liquid. A variation of this problem is that of
jets falling from nozzles and funnels (Lee & Vanden-Broeck 1993, 1998) and that
of bubbles rising in an inclined pipe (Couët & Strumolo 1987; Inogamov & Oparin
2003). Other variations are the emptying or the filling of a closed pipe, the flow
from a vertical slot into a fluid layer or from a fluid layer into a vertical slot, and
surf-skimmer planing hydrodynamics (Benjamin 1968; Tuck & Dixon 1989; Hocking
1992; Korobkin 1995; Merino 1996; Peregrine & Kalliadassis 1996; Michallet et al.
2001). In these problems, one often has an infinite solid boundary on one side and a
semi-infinite solid boundary on the other side from which a free surface detaches. The
reversed problem in which a horizontal jet hits a vertical wall has been considered by
Dias & Tuck (1993).

In this paper, we provide a better understanding of the incompressible flow
impacting on a solid plate. Comments on compressible aspects will be given at
the end of the paper. A stream of fluid flows down and out of the bottom of a long
two-dimensional vertically-sided pipe of half-width W. The downwardly directed flow
meets a horizontal plate of infinite extent set at a distance H below the bottom end of
the pipe. The flow splits into two jets on each side of the pipe following a path along
the horizontal plate. The solution depends on the ratio H/W and the dimensionless
Froude number,

F =
U√
gW

, (1.1)

where g is the acceleration due to gravity and U is the velocity of the fluid far inside
the pipe. Because compressible effects are neglected here, the Mach number M = U/c,
where c is the speed of sound, does not come into the picture. In other words, we
consider the limit M = 0.

The main results of the present study are twofold. There are three regions in the
(F, H/W ) plane, shown in figure 1. These regions are divided by two curves, which
are found numerically. In region I, the jet emerges from the pipe without a stagnation
point and is immediately deflected. In region II, the jet emerges from the pipe without
a stagnation point but experiences squeezing before being deflected by the horizontal
plate. In region III, the jet emerges from the pipe with a stagnation point.

In § 2, applying the theory of functions of complex variables and conformal
mappings leads to a formulation of the problem that is well-suited for discretization.
A system of N nonlinear equations in N unknowns is then derived and the problem is
solved numerically through a collocation Galerkin method explained in § 3. Section 3
provides the numerical results and some computed profiles of the free surfaces are
presented. In § 4 we study related flows where the detachment point along the plate
is a stagnation point. A study of the pressure along the horizontal plate is performed
in § 5. For a fixed value of F, the maximum pressure along the plate goes through a
minimum as H increases. It is shown that for small values of H the pressure behaves
like 1/H 2, while for large values of H it is proportional to H. The various physical
phenomena that have been neglected in the present study are discussed in § 6. These
include asymmetry, compressibility and three-dimensional effects.
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Figure 1. The falling jets considered in this paper depend on two parameters: the Froude
number F and the aspect ratio between the falling altitude and the pipe width H/W . The two
plotted curves divide the (F,H/W ) plane into three regions. In region I, the jet emerges from
the pipe without a stagnation point and is immediately deflected. In region II, the jet emerges
from the pipe without a stagnation point but experiences squeezing before being deflected
by the horizontal plate. In region III, the jet emerges from the pipe with a stagnation point.
Solutions of types I and II have 180◦ contact angle, solutions of type III have 90◦ contact
angle, while solutions with 120◦ contact angle appear on the II/III border.

2. Formulation of the problem
We consider the steady irrotational flow of an incompressible inviscid fluid falling

from a pipe of width 2W under gravity, hitting a horizontal plate of infinite length
placed at a vertical distance H from the bottom edges of the pipe and splitting
symmetrically into two jets one on each side of the pipe. As shown in figure 2(a), the
stream coming from far inside the pipe (see points J, J ′) hits the horizontal plate,
centered at point C, and forms two jets – one on each side – detaching at points A,
A′ and forming free surfaces A → I , A′ → I ′.

Because of symmetry, the formulation of the problem is based on the ‘right’ half of
the flow. The results presented in the sequel are simply obtained by superposition of
the ‘left’ and ‘right’ flows. The point A is taken as the origin of the coordinate system
(x, y), x being horizontal and y vertical. The mass flux emerging from the ‘right’ pipe
is

Q = UW. (2.1)

As the system is governed by the assumptions of irrotationality and incompressibility,
we have (u, v) = ∇φ, u and v being the x- and y-components of the fluid velocity,
with Laplace’s equation ∇2φ = 0 holding for the velocity potential φ. Bernoulli’s
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Figure 2. (a) Sketch of the flow and the coordinates. The free-surface profile is a computed
solution for H = 1.5 and F = 1.5. Special points are labelled on the boundary. (b) The
complex potential f-plane with the images of the special points. (c) The complex t-plane with
the images of the special points.
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equation follows as a first integral of the Euler (momentum) equations of motion, is
valid everywhere inside the fluid and reads

1

2
(u2 + v2) + gy +

p

ρ
= constant, (2.2)

where p is the pressure and ρ is the fluid density. Assuming a zero pressure on all free
surfaces, and taking W and U as the unit length and unit velocity, respectively, and
consequently Q becoming unity, Bernoulli’s equation on the free surfaces becomes, in
dimensionless form,

1

2
(u2 + v2) +

1

F 2
y =

1

2
v2

A, (2.3)

where the same symbols are kept for the dimensionless variables for the sake of
simplicity. The constant on the right-hand side has been evaluated at point A, where
the velocity is purely vertical and y = 0.

The problem under consideration can be solved with the use of conformal mappings.
Hence, we can define the complex variable z = x + iy and the complex potential
f = φ +iψ , for the velocity potential φ(x, y) and the streamfunction ψ(x, y), and the
hodograph variable

ζ (z) ≡ df

dz
= u − iv, (2.4)

which is the conjugate complex velocity and is an analytic function of z. The flow
domain in the f-plane is represented in figure 2(b). It lies within an infinite strip of
height 1. Without loss of generality, the point A is taken as the origin of the complex
potential. Following Tuck & Vanden-Broeck (1984) and Hocking (1985), the domain
of the fluid in the f-plane is then transformed into the upper half of the unit disk in
the t-plane so that points A, J and I are mapped into points −1, 0 and 1, respectively,
as shown in figure 2(c). The solid boundaries are mapped into the real diameter of
the unit circle t ∈ [−1, 1]. The ‘left’ side of the half-pipe goes onto [0, tC], the right
side onto [−1, 0], while the horizontal plate goes onto [tC, 1], with the free surface
going onto the half-circle. The transformation from the f-plane to the t-plane can be
written in differential form as

df

dt
=

1

π

1 + t

t(1 − t)
(2.5)

or, in integrated form, as

f =
1

π
ln

(
t

(1 − t)2

)
. (2.6)

It is clear that t can be obtained as a function of f explicitly by inverting relation
(2.6).

The problem now reduces to finding the hodograph variable ζ as an analytic
function of t, satisfying Bernoulli’s equation (2.3) on the free surfaces and the following
kinematic boundary condition on the real diameter t ∈ [−1, 1]:

Re(ζ ) = 0 for t ∈ [−1, tC], Im(ζ ) = 0 for t ∈ [tC, 1].

There is a singularity at point C, where the velocity of the fluid vanishes and the
appropriate behaviour for ζ is given by

ζ ∼ (t − tC)1/2 as t → tC. (2.7)
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It is then possible to define ζ by the relation

ζ (t) =
(t − tC)1/2

(tC)1/2
eΩ(t), (2.8)

where ζ (0) = i and the function Ω(t) is analytic for |t | < 1, continuous for |t | � 1,
and can be expanded in a power series of the form

Ω(t) =

∞∑
n=1

ant
n. (2.9)

Then, parametrizing the free surface in the t-plane by t = eiσ , σ ∈ [0, π], and
differentiating Bernoulli’s equation (2.3) with respect to σ yields

uuσ + vvσ +
1

πF 2

(
cos (σ/2)

sin (σ/2)

)
u

u2 + v2
= 0. (2.10)

This completes the reformulation of the problem.

3. Numerical method and results
The coefficients an in the power series (2.9) are real and can be determined by

using a collocation Galerkin method. We truncate the infinite series after N terms
and introduce on the free surfaces the N mesh points

σM =
π

N

(
M − 1

2

)
, M = 1, . . . , N. (3.1)

Substitution of the expression of ζ into (2.10) at the mesh points σM , yields N
nonlinear algebraic equations for the N unknowns a1, . . . , aN . Given the distance
H ∈ (0, ∞), this system is solved by Newton’s method for given values of the Froude
number F ∈ (0, ∞), thus giving a two-parameter family of solutions.

All computations were performed in MATLAB and, unless otherwise stated, N =
200 mesh points were used for the computations presented in the sequel, after a
check on accuracy was performed. Typical orders of magnitude for a1, a20, a100 are
|a1| ≈ 10−1, |a20| ≈ 10−3, |a100| ≈ 10−5, respectively.

In figure 2(a), we have shown a computed solution in which the distance of the
horizontal plate from the end of the pipe is H = 1.5 (i.e. the H/W ratio is 1.5)
for a relatively large value of the Froude number F = 1.5. One can see that the
flow leaves the pipe at A (A′) tangentially at an angle of 180◦ and gradually moves
to the right (left) forming a single-free-surface jet that moves along the horizontal
plate to +∞ (−∞). Keeping F fixed at 1.5 and letting H vary has the following effect
in the behaviour of the flow. As shown in figure 3 for ‘small’ H = 0.2 the flow,
after detaching, moves to the right (left) almost immediately and continues along the
horizontal plate to +∞ (−∞). For ‘large’ H = 3.0 (see figure 4), the jet becomes
thinner (i.e. the fluid is effectively being ‘squeezed’) after detaching, then is gradually
diverted and finally moves along the horizontal plate to +∞ (−∞).

Increasing the Froude number to ‘large’ values has no effect on the behaviour of
the flow for small to medium heights H. This behaviour, however, persists even for
large values of H, as demonstrated in figure 5, where F = 10 and H = 3.0. One
can observe that there is no squeezing of the free surfaces. In fact, for H = 3.0, the
‘transition’ value of F (separating the regions with and without squeezing) is 3.3.
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Figure 3. Free-surface profiles for parameter values H = 0.2 and F = 1.5.
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Figure 4. Free-surface profiles for parameter values H = 3.0 and F = 1.5 (N = 400).

The curve along which the transition between squeezing and no-squeezing occurs
is shown in figure 1. It is the curve that separates region I from region II. Because
of the shape of that boundary, it is clear that decreasing the Froude number leads
to more and more values of the height H with the occurrence of the squeezing of
the free surfaces. An example is shown in figure 6, where F = 0.7 and H = 1.5. In
fact, for H = 1.5, the transition value of F (separating the regions with and without
squeezing) is 0.93.

From the numerical point of view, it is sometimes tricky to distinguish between
the two cases when the squeezing occurs very close to the end of the pipe. In § 5 we
will indicate a more precise way to obtain the boundary between squeezing and no
squeezing.

To summarize, we have so far found two types of flows: flows without squeezing
in region I (these flows look relatively similar to the equivalent flow in the absence of
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Figure 5. Free-surface profiles for parameter values H = 3.0 and F = 10.
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Figure 6. Free-surface profiles for parameter values H = 1.5 and F = 0.7.

gravity considered in the monograph by Milne-Thomson 1996, Example XII.10 and
figure 14.8b) and flows with squeezing in region II (these flows are strongly influenced
by gravity).

4. Flows with a stagnation point and other flows
If one wishes to impose the condition that the flow exhibits stagnation points at

the ends of the pipes A and A′, then – following the formulation in § 2 – there will
be an extra singularity in the complex velocity, in addition to the singularity at point
C defined in (2.7). As in the simplified configuration of a falling jet in the absence
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of the horizontal plate (Vanden-Broeck 1984, 1986), the only possible values for the
angles between the vertical side of the pipe and the free surface are 90◦ and 120◦.
The 90◦ case corresponds to the free surface leaving the side of the pipe horizontally,
while the 120◦ case corresponds to the free surface leaving the side of the pipe at a
60◦ angle from the vertical. The singularities are as follows:

For a 120◦ stagnation point, ζ ∼ (t + 1)2/3 as t → −1, (4.1a)

or

for a 90◦ stagnation point, ζ ∼ t + 1 as t → −1. (4.1b)

It is then possible to define the hodograph variable ζ , respectively, by the relations

ζ (t) =
(t + 1)2/3(t − tC)1/2

(tC)1/2
eΩ(t), (4.2a)

or

ζ (t) =
(t + 1)(t − tC)1/2

(tC)1/2
eΩ(t), (4.2b)

where ζ (0) = i and the function Ω(t), as before, is analytic for |t | < 1, continuous for
|t | � 1, and can be expanded in a power series of the form (2.9).

For the 120◦ stagnation point, the numerical process follows a similar pattern
to the one in § 3 with the difference that the infinite series is truncated after N−1
terms. The free surfaces are still described by N mesh points σM = (π/N) (M − 1/2),
M = 1, . . . , N , and the system to be solved consists of N nonlinear algebraic equations
in the N unknowns a1, . . . , aN−1, F, thus giving a one-parameter (H ∈ (0, ∞)) family
of solutions. Again, unless otherwise stated, N = 200 mesh points were used for
most computations. Typical orders of magnitude for a1, a20, a100 are |a1| ≈ 10−1,
|a20| ≈ 10−3, |a100| ≈ 10−5, respectively.

It turns out that such flows exist only for ‘small’ Froude numbers, Fs � 0.50 = Fc.
Actually, this critical value Fc corresponds exactly to the one found by Vanden-
Broeck (1984) in his study of jets falling from a nozzle (note that by definition the
Froude number of the present paper is equal to

√
2 times the Froude number in

Vanden-Broeck’s paper). Even though the critical value Fc is very close to 1/2, there
is no obvious reason why it should be exactly 1/2. The present case of a vertical
pipe is different from the case of a horizontal pipe. When the pipe is horizontal, the
critical value for the Froude number is indeed exactly 1/2. The proof uses global
conservation laws as well as Bernoulli’s equation. This result was first proved by
Benjamin (1968). Note also that in the horizontal case, solutions cease to exist when
the Froude number drops below 1/2.

The curve that gives Fs as a function of the elevation H is given in figure 1. It is
the boundary between regions II and III. As H increases, Fs approaches the limiting
value of 0.5, which corresponds to the configuration in the absence of the horizontal
plate. A typical flow is shown in figure 7 for H = 1.01, corresponding to a Froude
number of F = 0.35. One can see that the flow detaches at A (A′) at an angle of 120◦

and gradually turns to the right (left) and moves along the horizontal plate to +∞
(−∞). Note that the same results can be obtained through the formulation in § 3 but
the convergence is not as good. The reason is that the singularity is so local that it
does not affect much the rest of the solution. However, the main difference between
the algorithm of § 3 and the algorithm here is the number of free parameters: two (F
and H) previously (tangential case), only one (F or H) in the 120◦ case.
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Figure 7. Free-surface profiles with 120◦ stagnation points at A, A′ for H = 1.01. The
Froude number F = 0.35 comes as part of the solution.
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Figure 8. Free-surface profiles with 90◦ stagnation points at A, A′ for H = 0.5 and
F = 0.1 (N = 400).

For the 90◦ stagnation points, the numerical process is exactly identical to the
one in § 3, where the coefficients an in the power series (2.9) are real and can be
determined by a collocation Galerkin method, giving again a two-parameter family
of solutions. It turns out that such flows exist for ‘small’ Froude numbers (F < Fc,
see the 120◦ case) for values of H larger than the value of H corresponding to the
120◦ case. For instance, for F = 0.35 such solutions exist for 1.01 � H , where 1.01
is the corresponding H for the 120◦ case. An example of a flow with 90◦ stagnation
points is demonstrated in figure 8 for H = 0.5 and F = 0.1. Such solutions fall into
region III of figure 1.
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Figure 9. Pressure profile along the plate for H = 1.5 and F = 1.5.

5. Pressure along the plate
Along the horizontal plate, the dimensionless Bernoulli’s equation simply reads

|ζ |2 − 2

F 2
H + p = |ζA|2, (5.1)

where the pressure p has been non-dimensionalized by ρU 2/2 and |ζA| is the magnitude
of the velocity at point A. Figure 9 shows a typical pressure profile along the plate
for H = 1.5 and F = 1.5 (see the case of figure 2a).

At the centre of the plate (point C), the pressure is maximum because the velocity
is zero. In the case where A is a stagnation point (see § 4), |ζA| becomes identically
zero. For a given Froude number F, one can obtain the maximum pressure as a
function of height H. In figure 10, we present corresponding results for F = 0.7, 1.5
and 5.0. One can clearly observe that the curves exhibit a minimum. This minimum
can be explained as follows. For small values of H, the flow has little space between
the edge of the pipe and the horizontal plate, as in figure 3. The flow is not affected
much by gravity and is close to the no-gravity case considered in the monograph by
Milne-Thomson (1996, Example XII.10 and figure 14.8b), where an analytical solution
was provided. Using our notation, the relationship between H (which is in fact H/W )
and the ultimate width d = D/W of the jet in contact with the plate (D being the
far-field depth of the stream of fluid on the horizontal plate) reads

H = d +
1 + d2

π
ln

(
1 + d

1 − d

)
. (5.2)

In the limit of small H, one finds a constant ratio H/d equal to 1 + 2/π. Let v
denote the dimensionless velocity of the uniform flow along the plate (in the far field).
Because the mass flux is equal to 1, d = 1/v. Neglecting gravity, it follows that |ζA| = v.
At the centre of the plate (point C), Bernoulli’s equation yields approximately

pC ≈ |ζA|2 =
1

d2
=

(1 + 2/π)2

H 2
. (5.3)
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Figure 10. Values of the maximum pressure, at the centre C of the plate, as a function of
H for (a) F = 0.7, (b) F = 1.5 and (c) F = 5.0 (solid lines). The dashed and dotted lines
represent the approximation for small and large values of H, respectively.

The pressure increases quite rapidly as H decreases, as can be seen in figure 10. The
behaviour near the minimum is due to the ‘squeezing’ of the free surfaces discussed
in § 3. The two free surfaces tend to ‘squeeze’ the internal middle flow, thus affecting
the pressure exerted at C, which increases despite the increase of the distance H. This
phenomenon becomes weaker for higher values of the Froude numbers. Or rather, the
minimum occurs at higher values of H (see again § 3). Again, an asymptotic analysis
allows us to obtain an estimate for the pressure for large values of H. In that case,
the jet experiences a long free fall before hitting the plate. The term containing H in
Bernoulli’s equation (5.1) is now much larger than the term containing |ζA| so that

pC ≈ 2
H

F 2
. (5.4)

The pressure increases linearly as H increases. For large values of the Froude number,
the slope 2/F 2 is quite small, as can be seen in figure 10(c).

Let us finally provide a few results with physical dimensions. Taking U = 2 m s−1,
H = 15 m, W = 4 m and ρ = 1000 kg m−3 (with g = 9.81 m s−2) yields F = 0.32
and, using (5.4),

pC − patm = 73.575
(

1
2
ρU 2

)
= 1.475 bar, (5.5)

which is a relatively large value. Taking now U = 2 m s−1, H = 1 m, W = 4 m and
ρ = 1000 kg m−3 yields again F = 0.32 and, using (5.3),

pC − patm = 42.856
(

1
2
ρU 2

)
= 0.857 bar, (5.6)

which is still a relatively large value. For this particular value of the Froude number
(F = 0.32), the minimum for the dimensionless pressure at point C is 17.008. For
U = 2 m s−1, W = 4 m and ρ = 1000 kg m−3, it turns out that at the minimum
pC − patm = 0.340 bar.
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6. Discussion
The results presented in this paper are based on several assumptions, which we

review here. First of all, the flow is assumed to be two-dimensional. A natural
extension of this work would be to consider axisymmetric flows. More precisely, one
could consider a pipe with a circular cross-section. In the absence of a horizontal plate,
this extension was considered by Vanden-Broeck (1991). The main difference with the
two-dimensional case is that the rising bubble problem and the falling jet problem
must now be solved independently. Another feature of the present calculations is that
the pipe is assumed to be vertical. Another natural extension would be to consider
inclined pipes. There should not be any technical difficulties. Again this extension was
already considered in the absence of a horizontal plate (Lee & Vanden-Broeck 1998).
The same can be said about the inclusion of surface tension.

A less obvious extension is that of compressibility. If air is entrained by the jet
falling from the pipe, compressible effects can play a role, especially when computing
the pressure along the plate. The solutions will depend on an additional dimensionless
number, the Mach number. It will be interesting to compare incompressible results
with compressible results. Preliminary results can be found in Christodoulides et al.
(2010).

In Peregrine & Thais (1996), compressibility is taken into account but gravity is
neglected. The flows are not computed explicitly. The authors write equations for the
conservation of mass and momentum, Bernoulli’s equation, the equation of state and
a kinematic condition. The extension of their work to our study is not trivial but
is worth pursuing in the future. That way one would have a simple model for the
impact due to a jet of heavy compressible fluid.
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